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1. The HBT effect for symmetrically displaced modes ( l  and l ) 
 
Here, we derive the equations utilized in the manuscript. We start by describing azimuthal HBT 
interference of pseudothermal light.  We assume that the beam of light from our laser is described by the 
electric field  r , where r  is the radial coordinate in the transverse plane. In addition, we assume that 
the initial electric field does not possess any azimuthal dependence. We encode a random Kolmogorov 
phase screen  r,   onto the beam. Later, the field illuminates two angular apertures centered on 
angles 0  and 0 . Thus the field after the two slits is given by 
 
                                                                 r,   r  r,  A   A  0                                                       (1)      
 
As described earlier in the manuscript, we replace the widely used ground-glass plate with a series of 
phase screens that change rapidly in comparison to the accumulation time of the measurement, thus 
creating an ensemble of field realizations. The next step is to find the intensity of the field for a given 
OAM eigenstate. We can write the electric field after the two slits as a linear combination of radial-
OAM modes. We designate a complete radial basis as Rp r , although we do not make use of any 
explicit form for this basis. We thereby express the field after the slits as 
 
                                                             r,  aplRp r 
l ,p

eil
2
                                                          (2) 
 
where the expansion coefficients apl  are given by 
 
                                                       apl  r dr dRp
* r 
eil
2
 r,                                                        (3) 
 
Thus, the measured intensity after projecting the beam onto OAM mode l  is given by 
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where the last form comes from using the relation Rp r1 R
*
p r2  1/ r1  r1  r2 
p
 , which is true for 
any complete normalized set of basis functions,  where  r   is the usual Dirac delta function. Now we 
replace  r,  with the electric field after the two angular slits given by Eq. 1. For simplicity, we first 
approximate A   by    and A  0  by   0 . The quantity I l  then becomes 
 
                         Il 
1
2
rdr  r 
2
2 eil0* r,0  r,0  e
il0 r,0  r,0                               (5) 
 
We next take the ensemble average to obtain 
 
                 Il 
1
2
rdr  r 
2
2 eil0 * r,0  r,0   e
il0  r,0  r,0                            (6) 
 
In reality, however, the finite size of the slits produces an envelope, caused by diffraction, that 
modulates the form of the interference pattern. If a slit with a width $\alpha$ is considered, the 
interference pattern can be easily calculated to be d f  


 e
il , where in our case f   is equal to 1  in 
the range from  / 2  to  / 2  and is equal to 0  otherwise. This integral produces a diffraction 
envelope given by 

2
Sinc
l
2




. The diffraction produced by the second slit can likewise be described 
as 

2
Sinc
l
2




eil0 . The intensity of the total diffraction is described as 






2
Sinc2
l
2




1 cos l0  . Taking this result into account, we find that the first-order-interference 
diffraction pattern is given not by Eq. 6 but rather by 
 
        Il 
 2Sinc2 l / 2 
2 2
r dr  r 
2
2  eil0 * r,0  r,0   e
il0  r,0  r,0               (7) 
 
We next develop appropriate approximations for the quantities defined above. A reasonable assumption 
is that the field fluctuations follow Gaussian statistics such that 
 
                                 * r1,0  r2 ,0   exp 
r1
2  r2
2  2r1r2 cos0
r0
2




                                                 (8) 
 
By setting r1  equal to r2 , we find that 
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                                       (9) 
 
The last form of this expression defines the quantity  .  For a fully coherent beam, (that is, for r0 ? r , 
where r0  is the Fried parameter introduced in Section 3) we see that to very high accuracy 
* r,0  r,0   is equal to 1 . As r0  decreases the value of the correlation function 
* r,0  r,0   also decreases.  Through use of Eq. 8 expression (6) for the intensity can be 
expressed as 
 
 
                                                      
 
   
0
2
0
20 2
1
cos
exp
l l
l
I
rdr r
l
rdr r r



 

   
 
  


                                                 (10) 
 
As r0  decreases,   increases and most of the contribution to the integral in the last expression comes 
from r  0 , but since the integrand is zero at that point, the integral vanishes. In this limit, 0  makes the 
only contribution to Il  and the spectrum becomes flat, that is, Il  shows no dependence on the value 
of l . 
 
Next we derive an expression for the correlations between projections onto OAM values of l  and l , 
that is 
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where the three contributions to I l I l  are given by 
 
G0 
1
 2
r1 dr1r2d r2  r1 
2
 r2 
2

1
4 2
r1 dr1r2 dr2  r1 
2
 r2 
2
 
* r1,0  r1,0 
* r2 ,0  r2 ,0 

1
4 2
r1 dr1r2 dr2  r1 
2
 r2 
2
* r1,0  r1,0 
* r2 ,0  r2 ,0 
  (12) 
 
       Gl 
1
2 2
r1dr1r2 dr2  r1 
2
 r2 
2
 e
il0 * r1,0  r1,0 
* r2,0  r2,0   c.c.  and            (13) 
 
        G2l 
1
4 2
r1dr1r2 dr2  r1 
2
 r2 
2
 e
2il0 * r1,0  r1,0 
* r2,0  r2,0   c.c.                    (14) 
 
We next estimate the ensemble averages of these quantities. For a field with strong random fluctuations, 
the field correlation between two different angular positions is very small and thus the term Gl  does not 
contribute significantly to IlIl . A similar situation occurs for the second and third contributions of 
G0 ; it is important to note that these terms contain the quantities 
* r1,0  r1,0 
* r2 ,0  r2 ,0   
and * r1,0  r1,0 
* r2 ,0  r2 ,0  , and these quantities vanish when r1  r2 .  They vanish 
because they describe the average of the product of two chaotic and independent variables.  Thus, the 
main contributions to the second-order interference are the first term in Eq.12 (which does not vary with 
0 ) and the contribution 
                G2l 
e2il0
4 2
r1 dr1r2 dr2  r1 
2
 r2 
2
* r1,0  r1,0 
* r2 ,0  r2 ,0   c.c.                 (15) 
 
It is important to note that, contrary to the correlation functions given by 
* r1,0  r1,0 
* r2 ,0  r2 ,0   and 
* r1,0  r1,0 
* r2 ,0  r2 ,0  , the correlation function 
* r1,0  r1,0 
* r2 ,0  r2 ,0   is equal to unity for $r_1=r_2$.  We therefore obtain 
 
                                                          G2l 
e2il0
4 2
r1
2 dr1  r1 
4
 c.c.                                                   (16) 
 
We thus conclude that the quantity IlIl  is given by the sum of the contributions of Eq. 16 and the first 
term in Eq. 12 or 
 
                                          Il I l 
1

r dr  r 
2





2

cos 2l0 
2 2
r2 dr  r 
4





                               (17) 
 
For the case of slits with finite size, this result must be modified for the same reasons given in the 
discussion following Eq. 6.  One thereby obtains 
 
 
                       Il Il 
1

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2
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
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4 4
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4
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                            (18) 
 
2. The HBT effect for arbitrary mode indices l1  and l2 . 
 
The intensity correlation between two arbitrary OAM modes Il1Il2  produces a complicated second-
order correlation function comprised of five terms. The contribution of each term is determined by the 
degree of fluctuations in the field. One is the constant term G0  given by 
1
 2
r1dr1r2d2  r1 
2
 r2 
2
 . 
There are two terms whose contributions are equally important; one oscillates with a frequency l10  and 
the other with l20 . The strength of these terms is determined by the quantity 
* r,0  r,0  , which 
is negligible for highly chaotic light ( r0 = r ). The frequency of the fourth component is determined by 
the quantity l1  l2 0 , although its strength is dictated by the quantity 
* r,0  r,0 
* r,0  r,0  . For highly chaotic fields this is an extremely small contribution. 
The primary contribution to Il1Il2  is therefore given by the term 
 
Gl1,l2 
 4Sinc4
l1  l2 
2




4 4
r1dr1r2 dr2  r1 
2
 r2 
2
e
il l1l2 0 * r1,0  r1,0 
* r2 ,0  r2 ,0   c.c.   
(19) 
 Note that this contribution describes an interference pattern that depends on the values of both l1  and l2 . 
 
3. Interference produced by a single slit displayed at different positions onto two SLMs. 
 
Now we describe another situation in which second-order interference in the OAM-mode distribution of 
light can be observed. Due to the fact that only one slit at different angular positions is displayed onto 
each SLM, this effect does not correspond to the azimuthal HBT effect. 
According to Eq. (4) the intensity corresponding to one realization of a random hologram can be written 
as 
 
                                               Il 
1
2
rdrd1d 1 
* r,1  r, 1  eil 1 1                                         (20) 
 
where each transmitted field is described as 
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1 r,  represents the field in one of the arms, and 2 r,  represents the field in the other arm. In 
this particular case, we study a situation in which the two slits are displaced by   radians. 
 
                                                               
   
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                                                       (22) 
 
the quantity x  describes the width of the rect function in the azimuthal domain that describes the slits. 
We employ a similar procedure to the one described above to calculate the second-order correlations in 
the OAM domain; this can be written as follows 
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In the limit of a random or incoherent source of light, this expression takes the following form 
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As in the previous cases, the first term that contains the product of the two intensities remains constant 
for a random source of light. The second term is l1  l2 -dependent, and is the azimuthal Fourier 
transform of the function A  B  . Notably, for the configuration of the slits described in Eq. 22, 
interference fringes in the OAM-mode distribution of random light are formed.  
 
 
4. Orbital angular momentum correlations and angular position correlations. 
 
In this section we derive expressions for the correlations of pairs of OAM values and pairs of angular 
positions. The light that emerges from the DMD is given by  r  r, . We make two copies of this 
field using a beam splitter and find the coincidences between projections onto two different modes of 
light. Let us first discuss the projection of one of the beams. The amplitude of the projection onto OAM 
mode l  is given by 
 
                                                        al  r dr d  r  r, 
eil
2
g r                                                 (25) 
 
where g r  is the radial profile of the single-mode collection fiber, which is a Gaussian function. The 
intensity al
2
 is given by 
 
                  Il  r1dr1d1  r1  r1,1 
eil1
2
g r1  r2 dr2 d2 
* r2 
* r2 ,2 
eil2
2
g r2                    (26) 
 
Therefore the ensemble-averaged intensity after the projection is given by 
 
              Il  r1dr1r2 dr2 d1d2  r1 g r1 
* r2 g r2 
e
il 12 
2
 r1,1 
* r2,2                             (27) 
 
We are considering the case of highly fluctuating light; in this regime  r1,1 
* r2 ,2   can be 
approximated by 1/ r1  r2  r1,2 1 , leading to the result 
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2
g r1 
2
                                                            (28) 
 
Note that this quantity is independent of the value l . Now let us consider the case of two coincident 
projections. The amplitude of coincident projections is given by  
 
                                 al1al2  ri dri di ri  ri ,i 
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2
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We measure the rate at which these coincidences occur, which is given by 
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After taking the statistical average, we obtain 
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Following the same considerations and a similar procedure those used in obtaining Eq. 11,  we write the 
four-point coherence function as the sum of three contributions, each a product of two 2-point coherence 
functions. One of the contributions is always negligible for highly chaotic light. Another contribution 
leads to the simple product Il1 Il2 .  This contribution is actually independent of the values l1  and l2  
in the limit of highly chaotic light for the same reason stated above in connection with Eq. 9.  The last 
contribution is given by 
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By invoking the same approximation used above to evaluate the coherence functions as delta functions, 
we simplify this expression to 
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                                                                  (33) 
 
Note that the integral over   vanishes unless l1  l2 . Thus, we finally obtain 
 
                                                                      Il1Il2  Il1 Il2 1 l1,l2                                                                        (34) 
 
which is the expression used in the body of this paper to explain our experimental results.  Note that the 
correlations between two different values of OAM are half as large as those between the same values of 
OAM. 
 
We can perform a similar calculation to find the correlations between two angular positions. For the case 
of a single beam (no beam splitter), the amplitude of the projection for a single value of   is given by 
 
                                                                           a  r dr  r  r, g r                                                                     (35) 
 
It follows that the ensemble-averaged intensity at one of the detectors is given as follows 
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The last form follows from the substitution  r1, 
* r2 , 
*
 1/ r1  r1  r2 . If we now add the 
beam splitter and find the probability for coincidence detection of two beams, we obtain 
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Similar to the OAM case, we find that this expression yields two contributions. One of these 
contributions is independent of the values 1  and 2  whereas the other contribution is large only if the 
two intensities are measured at 1 2 . This result can be described by the relation 
 
                                                          I1I2  I1 I2 1 1 2                                                                         (41) 
 
As expected, and similar to the case of correlating two OAMs, two non-overlapping angles share no 
correlation.  However, in contrast to the OAM variable, the angular position variable is not discrete, and 
one is allowed to correlate two regions defined by two angular positions that are not orthogonal, and 
consequently there is a partial overlap between the two correlated regions. Thus the degree of second-
order correlation can take any value between 1 and 2.  Therefore an appropriate expression for this 
correlation function is given by 
 
                                                          I1I2  I1 I2 1 f 1 2                                                                         (42) 
 
where f 1 2  is defined as 
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f 1 2  can be interpreted as the fractional  angular overlaps of the two slits. 
 
FIGURES: 
 
 
fig. S1. Example of a frame sent to the DMD. It contains 24 binary holograms encoded in bit plane slices. 
 
 
 
 
 
 
fig. S2. Examples of random beams of light. DMD holograms and the intensity distribution for the resulting beams 
measured before the image plane. 
